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In the paper a new class of exact localized solutions of Dirac's equation in the field of a circularly 
polarized electromagnetic wave and a constant magnetic field is presented. These solutions possess 
unusual properties and are applicable only to relativistic fermions. The problem of the magnetic 
resonance is considered in the framework of the classical theory of fields. It is shown that interpre- 
tation of the magnetic resonance for relativistic fermions must be changed. Numerical examples of 
parameters of the electromagnetic wave, constant magnetic field and the localization length scale 
for real measurements are presented. 
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INTRODUCTION 

It is well known that exact solutions of quantum 
mechanies equations are of fundamental importance in 
physics. However, only few such solutions are known. 
We present a new class of exact localized solutions of the 
Dirac equation in the field of traveling circularly polar- 
ized electromagnetic wave and a constant magnetic field 
applied along the wave propagation. 

It also is well known that the problem of the magnetic 
moment is of special interest in physics. Its contemporary 
value is deduced in the framework of quantum electrody- 
namics [H and for electron have been confirmed with the 
amazing accuracy in a variety of experiments 0] . How- 
ever, these measurements correspond to not large veloci- 
ties and not very strong magnetic fields. The theoretical 
basis for that is the Pauli equation and the magnetic 
resonance interpretation as a flop of spin under action 
of a constant and oscillating magnetic field Q. In the 
Pauli equation the operator of the magnetic moment is 
proportional to that of spin. In the relativistic case this 
dependence is more complicated. 

In the paper we consider this problem and find a ex- 
act analytical solution for this case. Since operators of 
energy, momentum and spin in a variable magnetic field 
do not commute with the Hamiltonian, we must consider 
average values of these operators. In fact this considera- 
tion is equivalent to that in the framework of the classical 
theory of fields Q . We show that in the relativistic case 
the magnetic resonance is a flop of the magnetic moment 
but not spin. 

We consider numerical examples of presented solutions 
applicable to experimental testing. 



SOLUTIONS OF DIRAC'S EQUATION 



Consider Dirac's equation 
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in the field of a traveling circularly polarized electromag- 
netic wave and a constant magnetic field directed 
along the z-axis . Such a field corresponds to the poten- 
tial 
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where k = eQ/c is the propagation constant, n is the fre- 
quency, the sign change of D, corresponds to the opposite 
polarization, values £ = 1 and e — —1 are used when the 
wave propagates along the z-axis and opposite direction 
respectively, c is the speed of hght, afc, /3 are Dirac's ma- 
trices, H is the amplitude of this wave. It is well known 
that the amplitudes of the electric and magnetic fields in 
the plane wave coincide. These fields are an integral part 
of the wave and the influence of the electric and magnetic 
fleld cannot be considered separately in the given case. 

The transition into a rotating frame is essential for the 
modulation by a rotating electromagnetic field since in 
such a frame stationary solutions are possible. It is well 
known that the transformation = exp(iaia2^)^' 
describes a spinor in the frame turned around the z-axis 
through an angle $. If $ = ilt, then it describes a spinor 
in the rotating frame. In accordance with this, an appro- 
priate coordinate transformation is also necessary. Below 
we use the tilde for coordinates in the rotating frame 
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This transformation is identified as a " Galilean transfor- 
mation for rotating frames" because time in the initial 
and rotating frame is the same. 

We use constants E and p as "energy" and "momen- 
tum along the z-axis" for stationary states in the rotating 
frame. Once these states have been found the wave func- 
tion as well as coordinates are translated back into the 
initial (non-rotating) frame. 

In the initial frame Eq. ([T]) has exact solutions local- 
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ized perpendicularly to the z-axis [H 



'J = expf— i — t + i — z aiQ!2 (fit — fcz) + £)]■)/), (6) 
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D = -^d{x^ + f) + dii + d2y, 
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ip is a spinor polynomial in x and y. If ?/; is a constant 
spinor then solution ([6]) describes the "ground state". 
Below, as a simplest example, we investigate properties 
of this state. 

Localized solutions (|6]) exist if the parameter d is pos- 
itive and defined by the equality 
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In accordance with Eq. (|5]), two types of solutions are 
possible. We denote them as for eHz < and V'+ 
for eH^ > 0. These normalized spinors of the ground 
state have the form 
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where Nz^ is defined by the normalization condition 
/ '^*^dxdy = 1. 
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The upper and lower sign before a parameter corresponds 
to solutions with negative and positive eH^ respectively. 

Eigenvalues of "energy in the rotating frame" E are 
defined with help of a normalized parameter £ = —{E — 
epc)/mc^. This parameter obeys the equation 

f 3 + (ipfo + A^)£^ - (1 ± foAzp + h^)£ ±£o^0, (13) 

where 
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Obviously, wave functions (jQ]) and (jlOp cannot be pre- 
sented as a small and large two-component spinor. It 
means that the difference E^ — m}(? cannot be small. 



Prom this an important conclusion follows: these solu- 
tions correspond only to the relativistic case. Another 
distinguish feature is an algebraic equation of the third 
order (fT3|) for eigenvalues £k and correspondingly Ek, 
k = 1,2,3. 

The wave function ip-^ depends on four independent 
normalized parameters £q , , d, h which are used below 
rather than ft,p, H^, H. 



AVERAGE ENERGY AND MOMENTUM 

It should be emphasized that in the initial frame states 
are not stationary, operators of energy and momentum 
don't commute with the Hamiltonian. Therefore average 
values of operators must be used. In the initial frame 
average energy E = ihj -^"^dxdy and momentum p 
= —ih J 'i'*'V'^dxdy are as follows 



E = ETC^±fii^^, 

Pz = PT-C^±fi^-^. 

Px = ^hd2 cos(rii — kz), 

Py — ±ihd2 siii(D,t ~ kz), 



where 
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For states © and pHl) the uncertainty principle results 
in the equality 

AxApx ~ 2^ 



where Ax = yj\l2d and Ap^ — hyJd/2 are standard 
deviations of x and momentum px ■ All that is valid also 
for deviations of y and momentum py. 

THE MAGNETIC MOMENT 

It is well known that the magnetic moment plays a 
principal role in the interaction of fermions with a mag- 
netic/electromagnetic field. For relativistic fermions de- 
scribed here the magnetic moment is determined as the 
first derivative of Dirac's Lagrangian with respect to the 
magnetic field. Since solutions (|6]) are localized perpen- 
dicularly to the z-axis, it is appropriate to consider only 
the z-component of the magnetic moment. This compo- 
nent is 



(j/**ai^' - x'^*a2'^)dxdy. 



(20) 



This definition coincides with that in classical theory of 
fields [J]. Below we study this quantity contrary to the 
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classical consideration where a constant in the the Pauli 
equation is used instead fi^ . 

In non-relativistic case a rotating electromagnetic field 
gives rise electron pairs with spins rotating in opposite di- 
rection Q . The wave function of electron is formed from 
two wave functions corresponding two stationary states 
in the rotating frame with a certain difference between 
energy levels. In the given case the wave function also 
has to be constructed from two functions 

Ci*i +C2*2, (21) 

where C/c is the normalization coefficient 



|Cl|2 + |C2|2 = l. 



The wave function ([6]) depends on four parameters 
foiAzp,(i, ft, and two roots of Eq. (IT^ . For the study 
of magnetic moment properties it is convenient to intro- 
duce two new parameters 



U = £i£2, f] = £i+£2 
Then from Eq. ([13]) one follows 



(22) 



= -^^ilT£oV + ^:o): -±£o-?7T^fo (23) 

Four new variable parameters £0,^,1^,(1 can be consid- 
ered as independent. With these parameters there is not 
need to refer to Eq. ([13]). 

Substitute (HH) in Eq. The integration in (^0)) 

results in a exact expression. This expression consists of 
a time-independent and oscillating part. The constant 
part may be reduced to zero if 11 < 0, i.e., if £i and £2 
have opposite signs. The variable part oscillates at the 
frequency 



El — E2 
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The dependence on d may be extracted from the variable 
part: 



1 . (4-4')'i 



(25) 



where and ^2 are independent on d p2)) and corre- 
spond to states with £1 and £2 respectively. 



Such a maximization in relativistic case corresponds to 
an extremum of the function (|25|) in respect to d. At the 
extremum point 



2d = (4 - 4')' 



(26) 



With help of this equality the parameter d may be ex- 
cluded from consideration. However, in contrast to the 
classical case, the amplitude of the magnetic moment os- 
cillation remains dependent on thee parameters Il,£o,r]. 
The change of these parameters allows to vary the mag- 
netic moment over a wide range. The exact expression 
for the oscillation amplitude Aip at the standard classical 
condition ICiP = IC2 



i takes the form 



= 
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[-2n + 2£o?/-2£2)], (27) 
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/i^ is the Bohr magneton. 

Other pair of wave functions may be considered anal- 
ogously. But the maximization is possible only for one 
pair of wave functions. 

It is easy to show that the magnetic moment oscillation 
frequency (|24|) . in contrast to the classical case, depends 
on the fermion mass (and £{), 11, rj or non-normalized pa- 
rameters n,p,h). Therefore, measurements of this fre- 
quency probably may be turned into the precision mea- 
surement of fermion masses, provided an experimental 
technique will be developed for the estimate of the num- 
ber of oscillations and fermion time-of-flight. Particular 
cases may be calculated with help of exact expressions 
for Azp. 

An consideration of the average spin S3 ~ 
— ■^fi J 'i/*aia2'^dxdy shows that S3 also consists of a 
constant and oscillating part. The time-dependent part 
oscillates with the same frequency (|24|) . however, the am- 
plitude of oscillations has no an extremum by varying Hz 
and monotonically decreases to zero at the change of Hz 
from infinity to zero. From this the second important 
conclusion follows: in the relativistic case the magnetic 
resonance is the flop of the magnetic moment but not 
spin. 



THE MAGNETIC RESONANCE 

It is well known that in non-relativistic case the mag- 
netic resonance occurs at a value of the longitudinal mag- 
netic field corresponding to the spin oscillation amplitude 
maximum. At this value the amplitude becomes con- 
stant. 



SOME EXAMPLES 

In this Section we consider particular values of 
HzT^,H ioi which a real testing of presented solutions is 
possible. For definiteness we consider examples for elec- 
tron. 

We start from such a characteristic feature as the lo- 
calization length scale /. This scale perpendicular to the 
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-axis is defined by the parameter d 



I 



2hc 



(30) 



The frequency co = n/27r may be found from particu- 
lar values of So (114p . The first example illustrates the l- 
and w- dependence of from relatively weak to strong 
values. The magnetic field of the order of 40T is used as 
an upper limit of the man-made magnetic field producing 
the scale lower limit. In this example So = I. 



HAG) 
l{cm) 
io{Hz) 



1 

7.26 ■ 10"-^ 
2.80-10^ 



10^ 
2.29- 10^5 
2.80 • 10^ 

Table 1 



4-10^ 
1.15-10"^ 
1.12 • 10^2 



These dependences are not connected with the magnetic 
resonance. 

The magnetic resonance places the constraint on d 
(PS)) . The second example illustrates oj- and h- depen- 
dence of Hz in the condition of the magnetic resonance 
and at the condition 



l^ol <C 1. 



(31) 



This condition enables to simplify calculations. More- 
over, the inequality Ihill/mc^ ^ 1 is always holds. 
Therefore, for relativistic fermions Azp = 2ep/mc. In 
this example |i?o|= 0.4117-10"^ is chosen so that u) cor- 
responds to the frequency of a powerful Nd:YAG laser 
with the wavelength of 1.064 micron. 



HAG) 
uj{Hz) 
hP 



1 

7.04 • 10^ 
3.66-10-5 



10^ 
7.04 • IQi" 
1.17-10-3 

Table 2 



4- 10^ 
2.82 • lO^-* 
2.31 • 10-2 



where P = ^Jp^ /rrfic^ -1-1. A corresponding value of H 
may be found from the relation H — ehHz/So- 

The laser radiation may be transformed by means of 
optics in a beam with the cross-section of the order of 



few microns. This cross-section may be much more than 
I. The energy density by this transformation increases 
by a factor of the order of 10^ times. Such data may 
be used for flows of relativistic fermions of a very small 
cross-section driven by a powerful laser beam. 

Above examples far not exhaust all possibilities for ex- 
periments. 



CONCLUSION 

We have considered the new class of exact solutions of 
the Dirac equation corresponding to relativistic fermions. 
Practical numerical examples presented in the paper can 
describe, in particular, flows of relativistic fermions of a 
very small cross section driven by a powerful laser beam 
in accelerators and colliders. We have found the exact 
analytical solution for the problem of the magnetic res- 
onance and shown that in relativistic case the magnetic 
resonance is a flop of the magnetic moment but not spin. 
Perhaps such a resonance may be turned into precision 
measurements of fermion masses. Considered solutions 
may be an useful and powerful instrument as for high 
energy physics as for astrophysics, in particular, for the 
description of processes near neutron stars and magne- 
tars. 
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